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Abstract 



Recently, M. Daws introduced a notion of co-representation of abelian Hopf-von 
Neumann algebras on general reflexive Banach spaces. In this note, we show that this 
notion cannot be extended beyond subhomogeneous Hopf-von Neumann algebras. 
The key is our observation that, for a von Neumann algebra Tl and a reflexive operator 
space E, the normal spatial tensor product 9Jl(&CB(E) is a Banach algebra if and only 
if QJt is subhomogeneous or E is completely isomorphic to column Hilbert space. 
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Introduction 

If 21 is a Banach algebra, then its dual space 21* is a Banach 2l-bimodule through 

(x, a ■ <f>) := (xa, 4>) and (x, <f> ■ a) := (ax, <p) (a, x £ 21, 4> S 21*). 

A functional <j) G 21* is said to be weakly almost periodic if {a ■ <fi : a € 21, ||a|| < 1} is 
relatively weakly compact in 21*. There appears to be some asymmetry in the definition of 
a weakly almost periodic functional, but thanks to Grothendieck's double limit criterion 
([Gro, Proposition 4]), 6 21* is weakly almost periodic if and only if {<p ■ a : a £ 
21, || a || < 1} is relatively weakly compact in 21*. The collection of all weakly almost 
periodic functionals on 21 is a closed subspace of 21* , which we denote by WAP (21) . 

Let G be a locally compact group, and let 21 be its group algebra L 1 (G). In this case, it 
is not difficult to see that WAP (21) is nothing but WAP(G), the commutative C*-algebra 
of all weakly almost periodic functions on G (see [Burj for the definition and properties of 
WAP(G)). Now, let 21 be Eymard's Fourier algebra A{G) with dual VN(G) (see (Eym]); 
in this case, we denote WAP(2l) by WAP(G). If G is abelian, then WAP(G ! ) is indeed just 
the weakly almost periodic functions on the dual group G and therefore, in particular, is a 
C*-subalgebra of L°°(G) ^ VN(G). With a little more effort, one can show that WAP(G) 
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is a C*-subalgebra of VN(G) whenever G has an abelian subgroup of finite index. For 
general G, however, it has been an open question for decades whether or not WAP(G) is 
always a C*-subalgebra of VN(G). 

Hopf— von Neumann algebras and co-representations 

Recently, M. Daws showed in [Daw] that WAP(M(G)) is a G*-subalgebra of C (G)** for 
any G, where M(G) is the measure algebra of G. In fact, Daws proved a much more 
general result about abelian Hopf- von Neumann algebras. 

Definition 1. A Hopf-von Neumann algebra is a pair (971, T), where 971 is a von Neumann 
algebra, and T is a co-multiplication: a unital, injective, normal *-homomorphism I": 97t — > 
97t£i>97t which is co-associative, i.e., 

(id <g> r) o r = (r ® id) o r. 

We call a Hopf-von Neumann algebra (971, T) abelian, semidiscrete, etc., if the under- 
lying von Neumann algebra 971 has the corresponding property. 

Example 1. Let G be a locally compact group. 

(a) A co-multiplication T: L°°(G) -> L 00 (G)(»L 00 (G) L°°(G x G) is given by 

(I»(x, y) := 4>{xy) (0 G L°°(G), x, y G G). 

(Restricting V to Cq{G) and then taking section adjoints, yields another co-multipli- 
cation f: C {G)** -» C (G)**®C (G)**.) 

(b) Let A : G — > B(L 2 (G)) be the left regular representation of G. Then a co-multiplication 
f : VN(G) -» VN(G)® VN(G) is given by 

f (A(s)) = A(a?) ® A(x) (a; EG). 

Whenever (971, T) is a Hopf-von Neumann algebra, the unique predual 971* of 971 be- 
comes a Banach algebra via 

(x,f*g) := (Tx,f®g) (f, g £ 971*, x G 971). 

Example 2. If G is a locally compact group, then * defined in this manner for (L°°(G), T) 
is the usual convolution product on L l (G) whereas * for (VN(G),f) is the pointwise 
product on A(G). 
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Any von Neumann algebra 97T is a (concrete) operator space, so that 97t* is an abstract 
operator space. (For background on operator space theory, we refer to |E-Rj . the notations 
of which we adopt.) If (97t, T) is a Hopf-von Neumann algebra, then T is a complete 
isometry. Consequently, (97T*, *) is not only a Banach algebra, but a completely contractive 
Banach algebra ([132 P- 308]). 

The main result of [Daw] is: 

Theorem 1. Let (971, T) be an abelian Hopf-von Neumann algebra. Then WAP(97T*) is 
a C* -subalgebra ofVJt. 

At the heart of Daws' proof is the notion of a co-representation of a Hopf-von Neumann 
algebra. Usually, one considers co-representation on Hilbert spaces: 

Definition 2. Let (97t, T) be a Hopf-von Neumann algebra. A co-representation of (971, T) 
on a Hilbert space fj is an operator U £ 9Jl®B($j) such that 

(r®id)(*7) = £/i, 3 £/ 2j 3. (*) 

Here, £/i,3 and [^2,3 are what is called leg notation: if 971 acts on a Hilbert space .ft, 
then [/ 1; 3 is the linear operator on the Hilbert space tensor product R<S>2&®2fi that acts 
as U on the first and the third factor and as the identity on the second one; ^2,3 is defined 
similarly. 

Commonly, co-representations are also required to be unitary, but we won't need that. 
By [E-R, Corollary 7.1.5 and Theorem 7.2.4], we have the completely isometric iden- 
tifications 

Wl®B{9)) = (Wl*®B(f))*)* =CB{Wl*,B(f))). 
Given an operator U G 97t(ij£>(,fj), the corresponding map in Ci3(97t*, B(fy)) is 

97T* ->B(J5), / (/<8>id)(J7), (**) 

and (j*J) is equivalent to being a multiplicative map from (971*,*) into B(Sj). The 
advantage of looking at elements of Wl(£>B($)) instead of C£>(97t*, B(Sj)) is that Tl^)B(Sj) 
is again a von Neumann algebra, so that it makes sense to multiply its elements. 

Let (971, r) be an abelian Hopf-von Neumann algebra. Then 971 is of the form L°°(X) 
for some measure space X. The proof of Theorem Q] in [Dawj has three main ingredients: 

1. Elements of WAP(L 1 (X)) arise as coefficients of representations of (L 1 (X),*) on 
reflexive Banach spaces. 

2. For a reflexive Banach space E, the weak* closure of L°° (X)®B(E) in B(L 2 (X, E))— 
denoted by L°°(X)®B{E)— can be identified with B(L 1 (X), B(E)) f [Dawl Proposi- 
tion 3.2]). This identification then allows to define co-representations of (L°°(X),T) 
on E in analogy with Definition [2j 
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3. The product in L°°(X)®B(E) corresponds to the product in WAP(L 1 (X)). 
Is it possible to adapt this approach to more general Hopf-von Neumann algebras? 

Co-representations on operator spaces 

In [Daw] . Daws uses the symbol L°°{X)®B(E) for the closure of L°°{X) ® B{E) in 
B(L 2 (X,E)). In operator space theory, the symbol <g> is usually reserved for the normal 
spatial tensor product of dual operator spaces ( [E-R4 p. 134]). Both usages are consistent: 
for a reflexive Banach space E, we have the isometric identifications 

B(L 1 (X),B(E)) = CB(L 1 (X),CB(ma,xE)) 

= (L 1 (X)(g)(max E® min E*))* 
= L°°(X)®CB(m&xE). 

From |Dawl Proposition 3.2], we thus conclude that the product on L°°(X)®B(E) extends 
to L°° (X)®CB(ma,x E) , turning it into a Banach algebra. More generally, L°°(X)®CB(E) 
is a Banach algebra for any reflexive, homogeneous opeator space E, i.e., satisfying 
CB(E) = B(E) with identical norms. 

Let 971 be a semidiscrete von Neumann algebra, and let E be a reflexive operator space. 
Then we have the completely isometric identifications 

CB(Wl*,CB{E)) = (Wt*®(E®E*))* = Wl®CB{E). 

(We need the semidiscreteness of 9Jt for the second equality: without it, we would not get 
Wl®CB(E), but the normal Fubini tensor product 9Jl®jrCB(E); see fKraj .) This suggest 
that it might be possible to define a notion of co-representation of semidiscrete Hopf-von 
Neumann algebras on general reflexive operator spaces. Just to meaningfully state the 
right hand side © for some U € Wl®CB(E), we need that Wl®Wl®CB{E) is multiplica- 
tively closed, and to adapt the proof of Theorem Q] to general (semidiscrete) Hopf-von 
Neumann algebras, we need that 9Jt®CB(E) is also multiplicatively closed. It all comes 
down to the question whether or not 9Jl®CB(E) is a Banach algebra for a (semidiscrete) 
von Neumann algebra and a reflexive operator space E. 

For abelian (9JI, T), this is indeed the case, and it is not difficult to extend [Daw} 
Proposition 3.2] to a general operator space setting: 

Proposition. Let L°°(X) be an abelian von Neumann algebra, and let E be a reflexive 
operator space. Then the closure of L°°(X) ® CB(E) in CB(L 2 (X, E)) is isometrically 
isomorphic to CB(L 1 (X),CB(E)). In particular, the product of L°°{X) ®CB(E) extends 
to L°°(X)®CB(E), turning it into a Banach algebra. 
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Here, the operator space structure on L 2 (X,E) is the one obtained through complex 
interpolation betwenn L°°(X)®E and L l (X)<g>E as described in [Pisj . 

We can even go a little bit beyond the abelian framework. If 971 is a subhomogeneous 
von Neumann algebra, it is of the form 

m^M ni (mi)®---®M nk (m k ) 

with m, . . . , re*; £ N and abelian von Neumann algebras 97Ti, . . . , 97Tfc. This yields: 

Corollary. Let 97T be a subhomogeneous von Neumann algebra, and let E be a reflexive 
operator space. Then the product of 97t ® CB(E) extends to 9Jt®CB(E), turning it into a 
Banach algebra (with bounded, but not necessarily contractive multiplication). 

So, if (971, r) is a subhomogeneous Hopf-von Neumann algebra, we can meaningfully 
speak of its co-representations on reflexive operator spaces. But what if we go beyond 
subhomogeneous von Neumann algebras? For certain operator spaces, this is no problem. 
Let fj be a Hilbert space, and let fj c be column Hilbert space ( |E-R| 3.4]). Then CB{S) C ) = 
B{$)) as operator spaces ( |E-R| Theorem 3.4.1]), so that 

m®CB(fi c ) = 97t<g>£(£) 

is a von Neumann algebra, and co-representations on fj c are nothing but co-representa- 
tions on fj in the sense of Definition [2j 

As we shall see, this is about as far as we can get: 

Theorem 2. Let (971, V) be a Hopf-von Neumann algebra, and let E be a reflexive operator 
space. Then the following are equivalent: 

(i) The product of 971 (gi CB(E) extends to dJt®CB(E) turning it into a Banach algebra 
with bounded, but not necessarily contractive multiplication. 

(ii) The product of 971 (gi CB(E) extends to 9Jl®CB(E) turning it into a Banach algebra 
with bounded, but not necessarily contractive multiplication. 

(iii) 97t is subhomogeneous or E is completely isomorphic to f) c for some Hilbert space 5). 

For the proof, we require a lemma: 

Lemma. Let 21 and 93 be completely contractive Banach algebras such that that 21 contains 
the full matrix algebra M n as a subalgebra for each n 6 N, and suppose that the product of 
2l<g>23 extends to 2l<8>93, turning it into a Banach algebra with bounded, but not necessarily 
contractive multiplication. Then 93 is completely isomorphic to an operator algebra. 

Here, an operator algebra is a closed, but not necessarily self-adjoint subalgebra of 
B{$)) for some Hilbert space ft. 
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Proof. Let C > 1 be a bound for the multiplication in 21® 58, and note that, for n 6 N, 
we have a complete isometry M n (5B) = M n ®58 ( |E-Rl Corollary 8.1.3]). Since M n is a 
subalgebra of 21, this means that formal matrix multiplication from M n (58) x M n (58) to 
M n (5B) is bounded by C for each n. By the definition of the Haagerup tensor product 
(see [E=Rl Chapter 9]) 58 ® h 58, this means that multiplication m : 58 ® 58 — > 58 extends 
to a completely bounded map m : 58 ® /l 58 — ► 58. Hence, 58 is completely isomorphic to 
an operator algebra by [B-LeM] Theorem 5.2.1]. □ 

Proof of Theorem [2} We have previously seen that (iii) ==>- (i) holds, and (i) ==>- (ii) is 
obvious. 

(ii) =^> (iii): Assume that 9Jt is not subhomogeneous. Then the structure theory of 
von Neumann algebras yields that 9JT contains M n as a subalgebra for each n. By the 
Lemma, CB(E) is thus completely isomorphic to an operator algebra. By [Blel Theorem 
3.4], this means that E is completely isomorphic to fj c for some Hilbert space S). □ 
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